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QED2 amplitude computed at tree level is a reasonable approximation to the 
known exact strong coupling solution. 
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I. INTRODUCTION 



Two dimensional massive QED {QED2) and four dimensional QCD {QCD^) both 
are asymptotically free, confining theories with non-trivial vacuums labeled by an angular 
parameter 6. This similarity has been exploited for theoretical purposes in a great body of 
work, nicely summarized in [mTU[ for example. The similarity is enhanced if one examines the 
non-Abelian bosonized [11,12| version PJT3[| of massive multi-flavor QED2. In this version 



the action is given by Eqs. ( |2.3[ ) and ( |2.4| ) below together with the additional piece 

^2 



e 
8^ 



J{e + ilndetUfd^x, (1.1) 



which decouples as the coupling strength e gets large. Now it will not escape the attentive 
reader that this looks identical to the low energy effective action made from pion fields 
for ordinary QCD4, if only allowance is made for the two extra dimensions which must 
appear. Specifically, the non-linear sigma model terms in the form (|2.3| ) look like those in. 



for instance, |]I4|, the term (p.4[) looks like the one in |[TH| and the term involving 9 above 



looks like the one in [p!q -|21||. Since some exact results are known for QED2 it is reasonable 
to expect to learn something new about the effective Lagrangian approach to QCD 4^. At 
least, it is interesting to test the accuracy of the tree approximation in QED2'-, that is not 
so easy to do in QCD4 where the exact analytic results are not known. 

In an earlier paper [|13| , among other things, the two-point functions of the two theories 



were compared. This led to a simple understanding, at the tree level, of the stability of the 
equality m(7r+) = m(7r°) to addition of a minimal isotopic spin violating term in the strong 
coupling limit of two flavor massive QED2. This was seen to be the analog of the fact that 
in ordinary QCD, the vr^ — mass difference is essentially unrelated to the up-down quark 
mass difference. In the present paper we will carry out the tree level comparison of the 
two theories for their four-point functions, i.e. the n — tt scattering amplitudes. It will be 
seen that a number of surprising features emerge. These features are related to the not so 
innocuous fact that the two dimensional analog pion field has positive G-parity, unlike the 
four dimensional case. This has the consequence that a three pion vertex is allowed in two 



dimensions and appears in the "topological" Wess-Zumino-Witten |]TT],|12| term. The form 
of the scattering amplitude which results from pion exchange is not similar to anything in 
the four dimensional scattering amplitude computed from an effective chiral Lagrangian of 
only pseudoscalars. Rather, it is identical in structure to the vector meson exchange graphs 
in the four dimensional model based on a chiral Lagrangian of pseudoscsalars plus vectors. 
It has been known for many years that the addition of vector mesons to the pion effective 
Lagrangian substantially improves the tree level predictions. It is intriguing that an exact 
bosonized analog model leads to just this type of structure. 

We will specifically focus attention on massive, isospin invariant two-flavor QED2 0] 
in the strong coupling approximation. The stable light particle spectrum consists of an 
analog pion (pseudoscalar, isotriplet) and an analog sigma meson (scalar isosinglet). The 
theory will be treated in the bosonized format. There are two possible ways to bosonize. 
In the Abelian method [Q, the Lagrangian is constructed only from the vr*^ field. The tt"'" 
and 7r~ states appear as "static" solitons while the vr*^ appears again as a time- dependent 
"breather" soliton. The a appears as a second breather soliton. In the non-Abelian method, 
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the Lagrangian is constructed from the complete vr triplet. The triplet appears again as 
a static soliton and stillQ once more as the first breather. The a appears as the second 
breather. 

We shall work here with the tree level non-Abelian bosonized action, which has the 
advantage of manifest isotopic spin invariance. On the other hand, for the consideration 
of the solitons of the model, the Abelian bosonized version is much easier to work with 
since there is less redundancy. Note that the a state only appears non-perturbatively (as a 
soliton). We can, as is done in four dimensional effective theories p2[, add it in an ad hoc 



way at the tree level, remembering that a more exact treatment of the model would render 
the tree level term unnecessary. The question of a a-meson in the four dimensional effective 



QCD Lagrangian is very timely inasmuch as a number of authors p3|-p8| have recently 
provided evidence that such a state ought to exist. 

Section 2 contains the set up of the model and the computation of the tree level analog 
vr — vr scattering amplitudes for arbitrary particle charges. These are displayed using the 
redundant set (more so in two dimensions than in four dimensions) of Mandelstam variables. 
Comparison is made with four-dimensional vr — tt scattering and some interesting features 
are noted. In Section 3 we mainly focus on the specific case of the analog 7r+ — tt" scattering 
and eliminate the redundancy of the Mandelstam variable description by specializing to the 
transmission and reflection amplitudes. The exact solution in the strong coupling limit, 
based on known results |]39| , |40[1 for the sine-Gordon theory, is written in Section 4. It is 
observed that this limit corresponds to pure refiectionless scattering. However, the theory 
is not trivial because it contains two bound state poles. The tree level amplitude is shown 
to give an accurate, approximate value for the residue at the analog pion pole. Finally, 
Section 5 contains a brief summary, discussion of the significance of these results and some 
directions for future work. 



II. SCATTERING IN THE TREE LEVEL NON-ABELIAN BOSONIZED MODEL 

Many authors have observed that the ordinary low energy 3 + 1 dimensional QCD has 
a number of striking similarities to 1 + 1 dimensional two-flavor QED [p|,p!0|. Now, in the 
ordinary QCD case, the scattering of pions is already quite well described near threshold by 
the tree level treatment of the effective Lagrangian of pions (Of course, further higher order 



improvements can be implemented in the chiral perturbation scheme [^2c3)- thus in- 
teresting to investigate the tree level scattering of the analog "pions" in the two-dimensional, 
two-flavor QED where, as we will discuss, an exact answer is available for comparison. This 
may be a useful step in obtaining a deeper understanding of four-dimensional QCD and its 
relation to the two-dimensional model. In fact, we shall see an initially unexpected corre- 
spondence between the two theories. Naturally there are important differences as well. One 
question of interest concerns the low mass cx-meson and its two-dimensional analog. There 



has been a great deal of recent work ||23|- pq] on the possibility of an experimental a-meson 



in QCD. At the same time the two-dimensional model is known H] to contain an analog 



^This is the interpretation of |13|. A slightly different interpretation is given in 
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(T-meson with mass m(o") ~ ^/3m{TT)] this is however a bound state rather than a scattering 
resonance. 

In this section we shall calculate the tree-level analog pion-pion scattering S-matrix 
starting from the bosonized two-flavor QED Lagrangian. Since this Lagrangian only contains 
"pion" fields we shall also consider adding a suitable extra piece to get the cr-meson pole at 
the tree level. 



The relevant non-Abelian bosonization method was developed by Witten |TT|] and first 
applied to two- flavor QED2 by Gepner 0. Here we shall follow the notation of the 
bosonized action is given in (2.10) of this reference. In the strong coupling limit, an re- 
type particle (pseudoscalar isosinglet) decouples and the effective action is given in terms 
of a unitary unimodular matrix field U{x) which transforms under left and right chiral 
transformations Ul, Ur, as U{x) —>■ UlU{x)UIj^ and which has the decomposition 

U{x) = e'^'^^^\ 0(x) = ^f.7r(x). (2.1) 

v2 

Here the Xj are the Pauli matrices and the TTi{x) are the analog pion fields. Actually all 
the TTj carry zero electric charge in two flavor QED2 but for convenience we will assign the 
names 

7r± = -^(TTi^ZTTa), 7r° = 7r3. (2.2) 
The low energy bosonized action of multi-flavor QED2 reads 

r = 1 d^x[-^Tr{d^Ud^U^) + ^Tr(?7 + - 2)] + T^zw (2.3) 



where the third (Wess-Zumino- Witten) term p!T| , p!2| may be compactly written using the 
matrix one-form a = dUW as 



1 



, Tr (a^). (2.4) 

Here, is a three-dimensional manifold whose boundary dM^ is the two-dimensional 
Minkowski space. Note that as written, ( ^.3| ) and ( p^.4D can be used for an arbitrary number 
Nf of flavors; we are however specializing to the case Nf = 2 by restricting the matrix U to be 



a 2 X 2 matrix in form. Furthermore we have, unlike ||T3[, restricted U to satisfy detU = 1 as 
is appropriate for low energies where the pseudoscalar isosinglet may be considered infinitely 
heavy. 

Now for a perturbative treatment of tt — tt scattering we should expand ( |2.3| ) up to fourth 
order in the number of pion fields. The quadratic terms arise from the first two terms of 
and give the Lagrangian 

C^'^ = -ld,n.d,n-'^7r.7f, (2.5) 

wherein we have identified 
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m 



^ = 2v^m. (2.6) 



We have used Eq. (|2.1|) in obtaining this result. The first two terms of ( p.3|) also yield 



quartic terms which may be simplified to 

= ^[{d,n.d,n){7r.n) - {^.0,^)'] + ^m^(vf.vr)2. (2.7) 
Finally the Wess-Zumino-Witten term yields a cubic interaction of the pion fields; 

= -^—ef,uejkiiTjdf,TTkd^TTi (2.8) 

where ei2 = —621 = 1. In obtaining (p.8|), we used Stokes' theorem as 

Ti ( d(f) d(f) d(f)) = f dTiU d(f) d(f)) = [ Tr(0rf0rf0). (2.9) 
m3 Jap JdAfi 



Judging from usual experience with four dimensional physics, Eq. (|2.8|) may appear 
startling. While it may seem to be ruled out because the two-dimensional pions are pseu- 
doscalar, the e^^ factor rescues parity (This will not work in four dimensions.). In four 
dimensions, a three-pion vertex is also ruled out because the pion carries a negative G- 
parity. In two dimensions however a pseudoscalar bilinear ip'y^ip picks up a minus sign 
under charge conjugation so, taking the isotopic spin factor in G = e*''^^C into account, the 
two-dimensional analog pion carries positive G-parity. 

The momentum space trilinear pion interaction (essentially iC^^^ from ( p.8|) ) or "Feynman 
rule" is: 

2v^e,,fce^,p(fV[.'^- (2.10) 

This corresponds to the diagram in Fig. |I[ 

We are interested in the analog pion-pion scattering reaction: 

vri(pi) + 77^(^2) T^kiPi) + MP2)^ (2-11) 

where i,j,k,l are the isospin indices and the (pi)^ are the two-momenta. The usual Man- 
delstam variables are 

s = -{pi+P2f, t = -{pr-p\f, u = -{pi-p'^)\ (2.12) 
s + t + u = 4:ml. (2.13) 

In the present 1-1-1 dimensional case, these are somewhat redundant as the only two physical 
possibilities are (a) forward scattering in the center-of-mass frame: 

t = 0, M = 4m^-s, (2.14) 

and (b) backward scattering in the center-of-mass frame: 

M = 0, t = Aml-s, (2.15) 
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With the one-particle state normahzation 



(2.16) 



the standard crossing-symmetric parameterization of the scattering matrix element for the 
reaction (|2.11| ) is 



< T^k{p'l)T^lip'2)\S\7^iiPl)7rjip2) > = 

SikSjiS{pi - Pi)6{p2 - P2) + Sii6jkS{pi - P2)S{p2 - p'l) + 
i 1 

4 J EiE2E[E2 



-Api +P2- p'l - P2)SiEi + E2-E[- E'2) X 



5ij5kiA{s, t, u) + 6ik6jiA{t, s, u) + 6ii6jkA{u, t, 



(2.17) 



This is a convenient form for perturbation theory and for comparison with the four- 
dimensional case. All the dynamics is contained in the function A{s,t,u). 
Our tree-level perturbation calculation yields 



A{s, t, u) = 27r(s - ml) + 27i 



t{s — u) u{s — t) 



ml —t 



mt — u 



is - 2miY 



mt — s 



(2.18) 



The first term arises from the contact interaction ( p.7|) while the second term is associated 
with pion exchange diagrams using the vertices from ( p.8| ) or, perhaps more conveniently, 
from ( p.lO|) . The third term does not follow from the tree level treatment of the action ( p.3|) 
but was added on somewhat ad hoc grounds for comparison with the four-dimensional case. 
We expect, as discussed in Section 1, that a a-particle (and hence a a pole in the scattering 
amplitude) should arise as a "breather soliton" from ( |2.3| ). We may formally treat the a 
as a "matter" particle according to the method of ||22|; then the third term in ( |2.18| ) comes 
from the following addition to the interaction Lagrangian: 



(2.19) 



where 7 is a real coupling constant. 

It is interesting to compare the two-dimensional tt — vr scattering amplitude ( |2.18|) with 
a recently considered model ||23| which gives a reasonable phenomenological description of 
ordinary pion scattering (presumably four- dimensional QCD) up to 1.2 GeV. That model, 
prompted by the l/N^ expansion starts out by writing the amplitude as the tree 

expansion of a chiral Lagrangian including scalar mesons. The model is formally crossing 
symmetric but, for arbitrary choice of parameters, may very badly violate unitarity bounds. 
A kind of "regularization" in the vicinity of the physical divergences at the direct channel 
poles is performed which formally maintains crossing symmetry. Then the arbitrary param- 
eters are adjusted to provide cancellations which preserve the unitarity bounds (and fit the 
data). In this way an approximate amplitude obeying both crossing symmetry and unitarity 
is obtained. The unregularized amplitude (see Eqs. (CI), (C2), and (C3) of [^) for this 
model is 
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2(s - ml 



F3 



+ 



pTVTV 



tis — u) 



— t 



+ 



u[s 



t) 



nip — u 



+ 



2m 



2\2 



+ 



(2.20) 



where ~ 0.131 GeV is the pion decay constant, nip is the mass of the p-meson and (^p^jr 
is the pTTTT couphng constant. The 3 dots stand for another scalar meson pole term which 
however is not expected to exist in the two-flavor version of the model. The first term of 
( p.20| ) is the "current algebra" term which is well-known to be a good approximation very 
close to the vrvr threshold. It is not very surprising that it is identical, up to a numerical 
factor, to the first term of (|2.18|) . Similarly it is not surprising that the third, cr-meson 
exchange term in ( |2.20| ), is identical up to a factor with the third term in ( |2.18| ). What 
is much more surprising is that the second term in ( p.20 ), which represents the effects of 



the chiral-symmetric p-meson exchange, has the same structure (up to an overall numerical 
factor and with the replacement irip m^) as the second (WZW) term in (|2.18|) . From 



a technical standpoint it may be reasonable in the sense that both the rho and the pion 
are isovector particles. However it is amusing to see that the analog of the two-dimensional 
WZW model of "pions" is not the four dimensional WZW model of pions but must also 
include the terms associated with the introduction of the p-meson in a chiral-symmetric 
manner. 

Let us now try to exploit the above correspondence. We notice that the first terms of 
(|1|) and (|;20D satisfy 



A(s, t, u) = 7iF^A^^^{s, t, u). (2.21) 

Suppose we assume that the corresponding second terms also obey ( |2.21|) in the 
limit. This then demands that 



2m'^p 



(2.22) 



which is of the form of the famous KSRF |]47|j48[| relation (which, however, has 1 rather than 
2 on the right hand side). From the present perspective, this KSRF-type relation is the 
analog of the special relationship which exists between the kinetic (first term of (|2.3| )) and 
the "topological" ( |2.4D term of the two-dimensional WZW model. In the two dimensional 
model, this special relationship between the kinetic and the topological terms is required 
|TT| to obtain the correct equations of motion and currents. 



III. FORMULAS FOR PARTICULAR REACTIONS 

In the previous section we discussed the formal analogy between the two-flavor QED2 and 
QCD^ scattering amplitudes at tree level. Now let us concentrate on the two-dimensional 
scattering itself in more detail. We will consider various "charged" meson reactions with 
appropriate two-dimensional kinematics. Eq.( p^.l7D contains information about the scatter- 



ing of pions with all "charges". It is standard (see for example p 178 of |^) to consider 
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linear combinations T^^\s,t,u) corresponding to scattering states of definite isotopic spin 
/ = 0,1,2: 



T^^\s,t,u) = 3A{s,t,u) + A{t,s,u) + A{u,t,s), 
T^^\s,t,u) = A{t,s,u) - A{u,t,s), 
T^'^\s,t,u) = A{t,s,u) + A{u,t,s). 



(3.1) 
(3.2) 
(3.3) 



Amplitudes for scattering "pions" with definite "charges" are related to these; for example 

(3.4) 
(3.5) 



= irW + It^i) + iT(2) = Ais, t, u) + Ait, s, u) 
3 2 6 



u 



2 2 ^ 

rp{ + + ) = 2^(2) ^ ^(^^ 3^ ^) ^ ^^^^ ^) 



(3.6) 



etc. 



It is also desirable to eliminate the large redundancy in the kinematical description of two 
dimensional scattering when the Mandelstam variables ( |2.12| ) are used. We should specialize 
to the two cases: forward and backward scattering in the center of mass frame as specified 
in ( |2.14| ) and ( p. 151 ). This may be conveniently implemented by re-expressing the overall 
energy-momentum conservation delta function in ( p.l7| ) as 



Pi_ 
El 



P2_ 
E2 



[S{Pl - Pi)KP2 - P'2) +S{Pl- P2)^{P2 - Pi)] ■ 



(3.7) 



This can be verified by multiplying both sides by an arbitrary "test function" and integrating. 
The first term on the right hand side of ( p.7|) enforces a forward scattering evaluation while 
the second term yields the backward scattering evaluation. A needed factor in ( p. IT)) is 
evaluated as 



El 

El 



P2 
E2 



EiE2E[E'2 ^s{s - Ami: 



(3.8) 



We will mainly be interested in the vr+vr" 7[~^tt~ reaction. According to (|3.4| ) it corre- 
sponds to the linear combination A{s,t,u) + A{t, s,u). The S-matrix, after using ( |3.7| ), can 
be written as the sum of a "transmission" piece (proportional to 6{pi — p'i)S{p2 — p'2)) and 
a "refiection" piece proportional to 5{j)i — p'2)^ij>2 — p'l)'- 



Si+-) = 5{pi - p\)5{p2 - p'2)s!r^-^ + 6ipi - p'2)5ip2 - p\)S^jt^\ 
With the help of (gA|), {^J^ and (^) we find from {^J7^) and ( |2:i8|) : 

Ami) 



(3.9) 



S, 



{+-) 

T 



1 + 



2Js(s-Aml] 



2n(s - 2mi) + 2ti- 



S[S 



mt — s 
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[s - 2mlf ^ Ami 



S 



{+-) 

R 



2^s{s-Aml\ 




(3.10) 



47rm^ + 27rs(4m^ — s 



mt 



rrv^ — s {Ami. ~ ^V) ~ ^ , 



(3.11) 



The 1 on the left hand side of ( p.lOj ) but not ( p.llD is due to resolving the unit operator in 
( p.lTp analogously to the resolution of the amplitude in ( p.4| ). As in ordinary one-dimensional 
quantum mechanics, S'j^"'* 1 and S'j^"'* — > when the interaction vanishes. Another check 
is provided by considering the S-matrix for 7r+ — 7r+ scattering. In this case Bose statistics 
prohibits any distinction between forward and backward scattering. The appropriate linear 
combination (see ( p.6|) ) for vr+vr"'" 7r+7r+ is A(t, s, u) + A{u^ t, s) and it is easy to see that 
both ( |2.14| ) and ( f^.lSj ) give the same results for this quantity. Then ( |2.17D becomes 



= [6{p, - p[)6{p2 - p',) + 6{p, - p'Mp2 - P'l)] X 



2 J sis - Ami) 



2n{2ml - s) + 27r 



s{s — Ami] 
s — 3ml 



2m, 



2\2 



2 _ 4^2 g 



+ 



Ami 



m 



mt 



(3.12) 



which does not distinguish between forward and backward scattering. 

Let us focus on the transmission amplitude 5*^^ ■* for definiteness. Note again that the 
term proportional to 7^ does not follow from the perturbative treatment of the original action 
( p.3|) . It has been introduced to mimic the a meson exchange (in analogy to the treatment 
of 2 flavor QCD4) since it is known that a a meson with mass satisfying = 3m^ should 
exist in the strong coupling limit. Without the 7^ term, the model just differs from the 
WZW action 0] by the mass term. If the mass term is also dropped we would have just 
the WZW action which describes the free theory. As another check, we observe that Sip •* 
does in fact go to 1 when 7 and are set to zero. When 7 = 0, the large s behaviors are 



(+-) 



1 + 



iTcmz 



S 



(+-) 

R 



iGrcmt 



(3.13) 



S^j^ ^ has poles at s = and s = m^ = 3m^. Both are below the threshold at s = Am^. 
and therefore to be interpreted as bound states. For comparison with the work in the next 
section we give the residues: 



Res [5^^ \s 



Res[5'. 



(+-) 



m„ 



3m, 



7^m^ 



2x/3' 



(3.14) 
(3.15) 



where the =F corresponds to the different sign choices for the square root in ( p.lOj ). 
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IV. CONNECTION WITH EXACT RESULTS 



Coleman has argued that two flavor massive QED2 with isotopic spin invariance 
reduces simply to the sine-Gordon theory in the strong coupling limit, when attention is 
focussed on the light particles of the theory. This follows from the treatment of the model 
by the Abelian bosonization technique. That approach requires two pseudoscalar fields Xi 
and X2 which enter into the Lagrangian as 

1 9 

>CAbelian = H ^^JiXi^^lXi " 7^ Xi " Trf ~ COs(2v^Xi)] (4.1) 

where 9, (which will be set to zero henceforth), represents the background electric field of 
the underlying theory. The Lagrangian ([4.1| ) has the same form as the one for the classical 
soliton ansatz of the non- Abelian bosonized model (see Eq.(4.2) of |jl3|)- It is convenient to 
define vr'' and t] as 

.» = ^. (4.2) 

Notice that both the electric charge e and the mass parameter m have the same units. When 
e ^ m (i.e. strong coupling) the rj field becomes very heavy and decouples. We are then 
left with a special case of the sine-Gordon model: 

/:Abeiian ^ + '^ni^ cos(v^7r°). (4.3) 

This enables us to read off a tree level 7r° mass of ^ 3.54m. The tt^ and tt" particles 

are hidden from sight in (|4.3|) but appear as solitons and anti-solitons with mass 

M = ^ 4.51m. (4.4) 



At first glance it appears that the vr^ masses differ from the 7r° mass. However the theory 
also contains two "breather" solitons with masses given by 0]: 

M„ = 2M sin (^— j , n = l,2. (4.5) 

This formula is argued to be exact when M includes radiative corrections to the classical 
soliton mass. The n = \ breather has mass M\ = M and is identified by Coleman as the 
TT^, thereby restoring the isotopic spin invariance. The tree level pion mass is considered 
to be just a rough (to about 20% accuracy) approximation. Finally the n = 2 breather is 
identified as the isosinglet sigma with mass = v^m.^-. 

Finding the exact solution for the scattering matrix in the sine-Gordon model is a by 
now classic problem which has been solved and elucidated by several authors It is 



carried out for a more general sine-Gordon model than ( [4.3| ); there is an extra parameter 
7 which shows up by ( |4.5| ) now reading M„ = 2M sin(n7/16). Clearly we are dealing with 
the special case 
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Stt 



(4.6) 



The construction |]39| is based on four principles: 

(i) Crossing symmetry. 

(ii) Unitarity of the S-matrix. 

(iii) Trihnear relation derived from the extra (infinite number of) conservation laws associ- 
ated with the sine-Gordon theory. 

(iv) Absence of the "CDD pole" ambiguity. 

It is convenient to employ the rapidity variable 9i for each pion so that the momentum 
and energy become 

Pi = mTrSinh 9i, Ei = m^rCosh 9i. (4.7) 

The relevant variable is 

6 = 61-62 (4.8) 
in terms of which the Mandelstam variable reads 

s = 4ml cosh2(0/2). (4.9) 

We see from (|3.1CI| ) that, for example, Sj^~^ depends only on s, or equivalently on 6. 

The exact solution^] for the soliton-anti-soliton transmission amplitude in the sine-Gordon 
model is: 



sm = n 



V2 ~^ 167r 2-k) y 2'^ 167r 



l=Q i- \ 2~^ 167r 2-k' ^ 2'^ 167r 2-k' 

Vi'k _i_ Jt_ _i_ iL\r(l. _i_ ('-1)7 _|_ N 

V2 167r 27r^ V2 IGtt ^2-k! f4 10) 

+ if + f )r(i + ^ + f)' 

This rather complicated formula simplifies for the special case, as in ( [4.6|) when 7 = ^i^jn^ 
where n is an integer. Using r(2;)r(l — z) = 7r/sin(7r2) we then get 



n— 1 9—i{-Kk/n) _i_ i 

St{0) = \{^^^-^^ (4.11) 



In the physical scattering region 6 > Q this is just a pure phase factor so there is no 
attenuation of the incoming wave. Furthermore, it is easy to see that we also directly have 
Sr{6) = 0, verifying that there is no reflected wave. This special case was first discussed in 

m. 



Our model requires us to set n = 3 in (|4.11| ). It is amusing to note that the strong 
coupling limit of massive two-flavor QED2 is not merely an integrable model but one which 



We have complex conjugated (4.11) of [39| in order that it reduce to their (4.12 
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corresponds to reflectionless scattering. Even though ( |4.11| ) is a pure phase in the physical 
region, its general analytic structure is of interest. The n = 3 case has two poles in the 
unphysical region where 9 is pure imaginary. These are at: 



Til 



6 = — , (s = 3m^)whereS'T(6') 



- in/S 



+ 



2rri 

9 = —, (s = m^)whereS'r(^) = 

o f — iZn/o 



+ ... 



(4.12) 



and correspond respectively to the a and vr bound states. In fact the prediction of the pole 
position of the exact scattering result is used @] to argue for the exactness of the DHN 
formula ([4.5|) . To transform ( [4.12 ) to the s-plane it is sufficient to note that, near the poles, 
we may replace 



9 - 9o = [s{9) - s{9o)]/ 



ds 
d9 



(4.13) 



e=eo 



with ds/d9 = 2m^sinh6'. Then the residues at the bound state poles in the s-plane are 



Res[5'T, s 
Res[S'T, s = 



3m, 



6m^, 
—6ml 



(4.14) 
(4.15) 



Now let us compare these exact results with the tree level results we obtained in (|3.14| , p. 151) . 
The residue at the pion pole ^\/3Tim1 ^ =i=5.44m^ agrees to within ten percent if we adopt 
the lower sign. This is encouraging since it again indicates that the tree level results may be 
close to the exact ones. Of course, we cannot compare the magnitude^ of the residue at the 
sigma pole since it was introduced in an ad hoc way and involves the undetermined factor 

Finally, we expect that, when one goes to higher orders in perturbation theory, St given 
in (13.101) will exponentiate and given in ( p.ll|) will get cancelled. A possible hint of this 
may be perceived in the large s behavior shown in ( p. 13 )- is seen to fall off very much 
faster with increasing s than does 5*^. 



V. DISCUSSION 

We calculated the tree level analog vr — vr scattering amplitude in the strong coupling limit 
of massive two flavor QED2. A characteristic new feature, compared to the four dimensional 



^However, with the same choice for the signs in (3.14, 3.15), it appears that the signs of the two 
residues in ( 4.14 , 4.15| ) should be the same. Usually a "wrong sign" residue is associated with 
a "ghost" particle. However it is also possible, at least in the scattering regime, for rescattering 
effects to change the effective sign. An example is provided in the case of the /o(980) particle in 



TTvr scattering, in Section IV A of |23|. 
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case, is the presence of a three point pion vertex. This comes from the WZW term and is 
allowed because the two dimensional pion has positive G-parity. 

The resulting pion exchange contribution has the identical dependence on kinematical 
variables (appropriately restricted) as the vector meson exchange contribution in the theory 
based on a four dimensional effective low energy Lagrangian for QCD. Since the analog 
QED2 theory represents an exact bosonization it seems that there is a sense in which the 
"minimal" QCD effective Lagrangian should include both pseudoscalars and vectors. Of 
course, this does not exactly agree with the organization of the chiral perturbation theory 
expansion ETI-Hl]. However in that approach, many of the leading order "counterterms" are 



dominated |5^J5^ by vector meson exchange. For a tree level treatment, as suggested by the 
1/Nc expansion, the vectors are very important phenomenologically ||2^. In addition, when 



calculating the properties of nucleons-as-solitons derived from the low energy Lagrangian, the 
presence of vector mesons is crucial for a satisfactory understanding of the "short-distance" 
effects like neutron-proton mass splitting [^, "proton spin current" [^, and heavy baryon 
hyperfine splitting |[56|-p8|. In any event, it seems worthwhile to further contemplate the 



connection between the QCD effective Lagrangian and its dimensionally reduced version. 

In Section 4 we compared the tree level vr — vr scattering in QED2 with the known 
exact result in the sine-Gordon theory. It was pointed out (though it is an elementary 
observation from existing results) that tt+tt^ scattering in strong coupling QED2 is not 
merely given by a known analytic formula but is actually reflectionless. This, of course, 
can only be approximated at tree level. However the model has two bound states so its 
analytic structure is of great interest. The locations of the pion and sigma poles satisfying 
= 3m^ have been well documented in the literature. Here we pointed out that the 
residue at the pion pole is quite well described (to about 10% accuracy) by the tree level 
calculation. Certainly it would be desirable in the future to extend the perturbative tree 
level calculation to higher orders. 

The triviality of the scattering in the two dimensional theory is clearly different from 
the four dimensional QCD case. Another difference concerns the question of spontaneous 
breakdown of chiral symmetry, which is well-known to be a characteristic feature of the 
QCD4 effective low energy Lagrangian (when the quark mass terms are neglected). On 
the other hand, the spontaneous breakdown of chiral symmetry is ruled out in the two 
dimensional case, according to the Mermin- Wagner- Coleman theorem |59|J60[] . One may 



wonder how this feature gets displayed at the effective Lagrangian level, since it is not 
manifestly evident from the bosonized action ( ^.31 ). A heuristic way of understanding this 
was discussed in |[T3|j61[l using an old-fashioned linear sigma model [^] containing both vr and 



a fields. This model is not an exact bosonization and does not faithfully mirror all the desired 
properties of the two dimensional theory. Nevertheless, it contains a manifest potential 
function which lets one conclude that the predicted ratio R = ml/ml = 3 corresponds to 
a theory which will not be spontaneously broken when the parameter m in (|2.3| ) is set to 
zero. A study of the topography of the potential using the methods of "catastrophe theory" 



suggests |UT| that a generalized spontaneous breakdown regime is related to the range R > 9 
which is expected to hold in QCD. This type of analysis also seems like a promising direction 
for future work. 
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FIGURES 
k 




FIG. 1. Feynman diagram for the cubic pion interaction. For example p^*-* is the 2- momentum 
of the pion with isotopic spin index i. Also + p^^ + p^'^'> = 0. 



15 



REFERENCES 



J. Schwinger, Phys.Rev. 125, 397 (1962). 
J. Schwinger, Phys.Rev. 128, 2425 (1962). 

J.H. Lowenstein, and J.A. Swieca, Annals Phys. 68, 172 (1971). 

Multiflavor massive QED2 was introduced by 
S. Coleman, Annals Phys. 101, 239 (1976). 

D. Gepner, Nucl. Phys. B252, 481 (1985). 

J. Ellis, Y. Prishman, A. Hanany, and M. Karliner, Nucl. Phys. B382, 189 (1992), 
hep-ph/9204212. 

M. Shifman and A. Smilga, Phys.Rev. D50, 7659 (1994), hep-th/9407007. 
J. Hctrick, Y. Hosotani, and S. Iso, Phys.Rev. D53, 7255 (1996). 

E. Abdalla, M. C. B. Abdalla, and K. D. Rothe, Non-PerturbaUve Methods m 2 Di- 
mensional Quantum Field Theory (World Scientific, New Jersey, 1991). 

See also Y. Prishman and J. Sonnenschein, Phys.Rept 223, 309 (1993), hep-th/9207017. 
E. Wittcn, Commun. Math. Phys. 92, 455 (1984). 
S. P. Novikov, Russian Math. Surveys 37, 1 (1982). 

D. Delphenich and J. Schechter, Int. J. Mod. Phys. A12, 5305 (1997), hep-th/9703120. 
Note that the numerator factor in Eq.(7.9) should properly read (2s — 2m^) rather than 
{2s -5ml). 

J. A. Cronin, Phys.Rev. 161, 1483 (1967). 

E. Witten, Nucl. Phys. B223, 422 (1983). 

C. Rosenzweig, J. Schechter, and C. Trahern, Phys.Rev. D21, 3388 (1980). 

P. D. Vecchia and G. Veneziano, Nucl.Phys. B171, 253 (1980). 

E. Witten, Annals Phys. 128, 363 (1980). 

P. Nath, and R. Arnowitt, Phys.Rev. D23, 473 (1981). 

A. Aurilia, Y. Takahashi, and P. Townsend, Phys. Lett. 95B, 265 (1980). 

K. Kawarabayashi and N. Ohta, Nucl.Phys. B175, 477 (1980). 

C. G. Callan Jr., S. Coleman, J. Wess, and B. Zumino, Phys.Rev. 177, 2247 (1969). 
M. Harada, F. Sannino, and J. Schechter, Phys.Rev. D54, 1991 (1996), hep-ph/9511335. 
N. A. Tornqvist and M. Roos, Phys. Rev. Lett. 76, 1575 (1996), hep-ph/9511210. 

S. Ishida et al, Prog. Thcor. Phys. 95, 745 (1996), hep-ph/9610325. 

D. Morgan and Pennington, Phys.Rev. D48, 1185 (1993). 

G. Janssen, B. Pearce, K. Hohnde, and J. Speth, Phys.Rev. D52, 2690 (1995), nucl- 
th/9411021. 

A. Bolokhov, A. Manashov, V. Vereshagin, and M. Polyakov, Phys.Rev. D48, 3090 

(1993). 

V. Andrianov and A. Manashov, Mod.Phys.Lett. AS, 2199 (1993). 
V. V. Vereshagin, Phys.Rev. D55, 5349 (1997), hep-ph/9606464. 
A. V. Vereshagin and V. V. Vereshagin, , hep-ph/9804399. 

N. Achasov and G. Shcstakov, Phys.Rev. D49, 5779 (1994). 

R. Kaminski, L. Lesniak, and J. Maillet, Phys.Rev. D50, 3145 (1994), hep-ph/9403264. 
M.Svec, Phys.Rev. D53, 2343 (1996), hep-ph/9511205. 

E. V. Beveren et ai, Z.Phys. C30, 615 (1986). 

R. Delbourgo and M. Scadron, Mod.Phys.Lett. AlO, 251 (1995). 



16 



D. Atkinson, M. Harada, and A. Sanda, Phys.Rcv. D46, 3884 (1992). 
J. Oiler, E. Osct, and J. Pelaez, , hep-ph/9804209. 

A comprehensive discussion as well as related earlier references are given in 

A. B. Zamolodchikov and A. B. Zamolodchikov, Annals Phys. 120, 253 (1979). 

A pedagogical treatment is given by R. Rajaraman, Solitons and Instantons (Elsevier 

Science Publishers, Amsterdam, 1989). 

S. Weinberg, Physica 96A, 327 (1979). 

J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984). 

J. Gasser and H. Leutwyler, Nucl.Phys. B250, 465 (1985). 

U. G. MeiBner, Rept. Prog. Phys. 56, 903 (1993), hep-ph/9302247. 

E. Witten, Nucl.Phys. B160, 57 (1979). 

The original suggestion is given in G. 't Hooft, Nucl.Phys. B72, 461 (1974). 
K. Kawarabayashi and M. Suzuki, Phys.Rev.Lett. 16, 255 (1966). 
Riazuddin and Fayyazuddin, Phys. Rev. 147, 1071 (1966). 

J. F. Donoghue, E. Golowich, and B. R. Holstein, Dynamics of the Standard Model 

(Cambridge University Press, Cambridge U.K., 1992). 

R. F. Dashen, B. Hasslacher, and A. Neveu, Phys. Rev. Dll, 3424 (1975). 

V. E. Korepin and L. D. Faddeev, Teor. Mat. Fiz. 25, 147 (1975), in Russian. 

J. F. Donoghue, C. Ramirez, and G. Valencia, Phys.Rev. D39, 1947 (1989). 

G. Ecker, J. Gasser, A. Pich, and E. de Rafael, Nucl.Phys. B321, 311 (1989). 

P. Jain et al, Phys.Rev. D40, 855 (1989). 

R. Johnson et al, Phys.Rev. D42, 2998 (1990). 

M. Harada et al, Phys.Lett. B390, 329 (1997), hep-ph/9607412. 

M. Harada et al, Nucl.Phys. A625, 789 (1997), hep-ph/9703234. 

J.Schechter, A.Subbaraman, S.Vaidya, and H.Weigel, Nucl.Phys. A590, 655 (1995), 

crratum-ibid.A598:583,1996. 

N. Mcrmin and H. Wagner, Phys. Rev. Lett. 17, 1133 (1966). 
S. Coleman, Commun. Math. Phys. 31, 259 (1973). 

D. Delphenich and J. Schechter, Phys.Rev. D57, 3962 (1998), hep-ph/9712282. 
M. Gell-Mann and M. Levy, Nuovo Cim. 16, 705 (I960). 



17 



